While the achievements in the study of N = 4 Super Yang-Mills through the application of integrability are impressive, the precise origins of the exact solvability remain shrouded in mystery. In this note, we propose that viewing the problem through the lens of twistor theory should help to clarify the reasons for integrability. We illustrate the power of this approach by rederiving the model's one-loop spin chain dilatation operator in the SO(6) sector.
The simplest non-abelian gauge theory in four space-time dimensions is certainly the N = 4 Super Yang-Mills (SYM) model. Its rather intricate action is given, before gauge fixing, by
where we did not spell out the fermionic part. It is conjectured that this model becomes quantum integrable at arbitrary finite coupling λ = N g 2 Y M in the planar N → ∞ limit. The source of integrability, a hidden infinite-dimensional symmetry, is quite unclear at finite λ. In particular, the action (1) gives no immediate indication for its presence.
Actually, already the effect of the finite-dimensional superconformal symmetry algebra psu(2, 2|4) on the fields in the action is quite involved. One is tempted to think that a more natural form of the action should be such that the symmetry algebra acts linearly, which is the case in the twistorial formulation of N = 4 SYM. Another indication that the twistor formalism might be more suitable for studying integrability in N = 4 SYM is the fact that its action's leading order component is equivalent to the self-dual YangMills action in space-time which has been shown to be classically integrable. Thus, we are encouraged to investigate the appearance of integrability in this approach. Motivated by the fact that the quantum integrability of N = 4 SYM is most easily detected in the derivation of the one-loop dilatation operator in the SO(6) sector [1] , we revisit this computation from a twistorial point of view.
Before we begin our illustrative computation, we shall give a brief introduction to the twistor space formalism. We mostly follow the notation and conventions used in [2, 3] , where further details about the formalism, for example the construction of the twistor action, can be found. One starts with the complexification of conformally compactified Minkowski space CM # , which admits a description as a complex quadric surface in CP 5 .
This can be seen by introducing six homogeneous coordinates on CP 5 transforming in the antisymmetric tensor representation of the complexified conformal group SL(4, C),
We can then identify CM # with the quadric on CP 5 that is given by the equation
We now introduce the bosonic twistor space as the complex projective space CP 3 whose elements Z I , called twistors, transform in the fundamental representation of SL(4, C).
This allows us to identify the points in CM # as lines in twistor space via the incidence relation
Given the line {Z ∈ CP 3 : X IJ Z J = 0} in twistor space, one can reconstruct the point
B . By abuse of notation X will refer both to a point in CM # and to the associated line in twistor space. It is convenient to choose local affine coordinates on CP 5 , or equivalently, a point at infinity I IJ and to divide CM # by the so-called 'light cone at infinity', defining
The point at infinity then can be used to construct a metric on CM via
The fundamental SL(4, C) indices are decomposed into spinor SL(2, C)×SL(2, C) indices α = 1, 2 andα = 1, 2,
This point at infinity may be chosen as
allowing us to introduce coordinates x αα on CM as
where
In these coordinates, the solutions to the incidence relation (4) take the form
Super Minkowski space can be defined by introducing the eight additional Graßmann coordinates θ aα . Similarly, twistor space can be extended to supertwistor space CP 3|4 .
The supertwistors Z ∈ CP 3|4 lying on the line X that now corresponds to the super space-time point (x, θ) are given by
where the index a runs from 1 to 4. In the rest of this paper we will continue to use calligraphic Z to denote the supertwistor and ordinary Z to denote its bosonic part. We define a supertwistor field A(Z) as a (0, 1)-form on twistor space which can be expanded in the Graßmann variables χ as [4]
where the fields a,ψ, φ, ψ and g depend only on the bosonic twistor Z (andZ) . We note that the scalars φ ab (x) of (13) in SU(4) index notation are related to the SO(6) index ones φ j of (1) via φ 12 = φ 1 + iφ 2 , et cetera. Fields on twistor space can be related to fields on space-time via the Penrose transform. More precisely, a Dolbeault cohomology class of fields on twistor space that are homogeneous of degree n is isomorphic to a solution of the zero-rest-mass field equations of helicity h = (n + 2)/2. For example, for a scalar field in space-time this isomorphism is realized as
where λ = (λ 1 , λ 2 ) parametrizes the projective line X ≃ CP 1 in twistor space corresponding to the space-time point x and λλ ′ := λ α λ ′ β ǫ αβ with ǫ 12 = 1. One can define an action for the supertwistor field A(Z) as the sum of a holomorphic Chern-Simons action, introduced in [5] ,
which first appeared in [6] . Remark that interactions in twistor space are localized on the line corresponding to the super space-time point (z, θ). By expanding the logarithm in S 2 we obtain
where ρ ij := ρ i −ρ j . From now on, we drop the infinite constant Tr log(∂ (z,θ) ) and are left with an infinite sum of n-vertices. Those n-vertices in the second line of (17) are given as integrals over the supertwistor line corresponding to the super space-time point (z, θ).
We define this line by two supertwistors Z C and Z D and parametrize the i-th twistor on it using affine coordinates
Note that the twistor action has a rather compact form compared to the usual N = 4 SYM action, a feature that we will exploit in our calculation of the one-loop dilatation operator. It was shown in [6] that the total action S 1 + S 2 reduces in a partial gauge, termed harmonic gauge, to the standard action (1) of N = 4 SYM, with no space-time gauge fixing imposed. In the current paper, we will not use this harmonic gauge, but rather the axial gauge that was first introduced in [7] and was defined with respect to a 'twistor at infinity' Z * . The gauge condition reads
with denoting the interior product. In this gauge, the super field A has only two independent components and therefore the cubic term in the holomorphic Chern-Simons action S 1 vanishes. Following the reasoning in [8] , the propagator of A is derived from the quadratic part of S 1 , while the quadratic part of S 2 is treated as a two-point vertex.
Thus the propagator is the inverse of i 2π∂ :
where the δ "function" on the right hand side is actually the (0, 4)-form on twistor space given byδ
We now have all the necessary tools to compute the dilatation operator in the SO (6) sector to one loop. We define the gauge invariant operators
, and all the ∧-symbols between the forms are omitted. Note that the Graßmann variables θ aα k span an independent Graßmann algebra at each site. The frames U (Z k , Z k+1 ) are given by path-ordered exponentials of A and serve to guarantee the gauge invariance of the operator O I , see (4.10) of [3] . At tree level, a straightforward counting of Graßmann variables shows that the frames U (Z k , Z k+1 ) do not contribute. However, at one loop the frames U (Z k , Z k+1 ) in (21) require a more careful treatment and can in principle contribute to the correlation functions that we wish to compute. A detailed study and interpretation of the frames will be one of the subjects of a forthcoming publication [9] , where it will be shown in detail how their contributions cancel at one loop. Thus, we shall ignore them here, which allows us to only consider the simplified expression
We now compute the two-point correlation functions of the fields O I . First, we look at the tree-level correlator O I (x 1 )O I ′ (x 2 ) . Here we parametrized the line X k using two fixed super twistors 
where the last equality follows by inserting
into (6) . Thus, using the same combinatorics as in space-time, we can find the desired tree-level correlation function.
As in space-time, computing the two-point correlation functions of the operators O at one loop reduces to the calculation of the subcorrelator (17), only the four-vertex has a contribution at one loop. This is due to the fact that the propagator φA is of second order in The subcorrelator (24) thus equals (we suppress the color indices)
Let us make a few observations. We first remark that (25) must be SO(6) invariant, therefore we can write it (in SU(4) notation) as the linear combination
so that the problem translates to determining 2 A, B and C. The second observation is that there are eight bosonic delta functions and also precisely eight fiber integrations.
Thus, the integrations over the fiber variables s i , t j , ρ k , amount to simply evaluating on the support of the delta functions. For example, ρ 1 will be fixed by the five bosonic
. This implies not only that all fiber integrations are essentially trivial but also that ρ 1 and ρ 2 (resp. ρ 3 and ρ 4 ) are forced to be equal. Therefore, after performing the fiber integrals, 1/(ρ 2 − ρ 1 )(ρ 4 − ρ 3 ) is naively 1/0 3 . However, if one first performs the Graßmann integrals, one finds that B and C contain a factor of (ρ 2 − ρ 1 )(ρ 4 − ρ 3 ) that cancels the identical factor in the denominator and hence no 1/0-like divergences occur after subsequently evaluating the bosonic delta functions. The term A on the other hand does contain 1/0-like divergences, even after first performing the Graßmann integrations and therefore requires regularization. Since the divergences arise from the fact that the external scalar fields are pairwise located at the same point in Minkowski space, we can resolve these divergences by using a point-splitting procedure (which translates to a line-splitting in twistor space, see figure 2), for both x 1 and x 2 . One needs to be careful to perform this splitting without breaking the cyclic symmetry of the operator. In our calculation this 2 One way of obtaining the coefficients A, B and C is to set the flavor indices to specific values (for example, (abcd) = (1213) and (a ′ b ′ c ′ d ′ ) = (3424) will yield −B). 3 We stress that whenever we refer to 1/0-like divergences we are referring to the unphysical divergences that arise from evaluating 1/(ρ1 − ρ2)(ρ3 − ρ4) on the support of the delta functions on the fibers and not to the UV divergences that arises from z → x1 or z → x2.
amounts to making the following replacements
where we defined the ratios
Miraculously, this completely removes the 1/0-like divergences and one is left with
Note the factor of 16 in the numerator coming from the four factors of 2 in the propagator (23). In extracting the anomalous dimensions, two factors of 2/(2π) 2 vanish due to the normalization of the tree-level propagator (23). Furthermore, we obtain an extra factor of 2π 2 due to the regularization of the UV divergent integral. Finally, we then extract from (29) the one-loop dilatation operator in the SO(6) sector
Here P is the permutation operator and K the trace operator, see [1] for further details.
Let us now conclude with a few words. In this paper we used the twistor space action developed in [6] to compute an intrinsically off-shell quantity-the planar twopoint correlation function of states in the SO(6) sector. In doing so, we encountered naive divergences of the loop integrand, which result from twistors on the interaction line being forced by the propagators to coincide. Thanks to a symmetric line-splitting procedure, we saw that these divergences are spurious, and we managed to obtain the well-known dilatation operator. An essential observation was that the whole computation employed only a single twistor space diagram, which encourages us to think that the integrable properties of N = 4 SYM should become significantly easier to see in twistor space.
We hope to initiate with this note the beginning of a program for understanding the origins of quantum integrability in N = 4 SYM by using the twistor formalism. In addition, while so far the twistor approach has mostly been applied to the calculation of on-shell quantities like amplitudes, we hope that this article and the forthcoming one [9] show its usefulness in investigating off-shell quantities as well. In the latter article, we will present in detail further indications of the power of the twistor approach as well as its applications to form factors, see the contemporaneously appearing paper [10] .
